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Inverse Problems

Direct problem: given initial conditions
— find evolution of a physical system

Inverse problem: given final state of a physical system
— find initial conditions
Well-posedness (Hadamard):

1. Existence

2. Uniqueness

3. Stability
The problem is lll-posed if one of these conditions is not
satisfied — need for regularization.

Many important inverse problems in tomography, geology,
etc ... are ill-posed.
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Electrical Impedance Tomography (EIT)
Q bounded, simply connected, ¥ = 9.

» Given: apply electric currents f on ¥ / measure voltages v on X.
» Find: electrical properties in Q matching measurements.

At x € Q, find admittivity v(x, w) = g(x) + iwe(x) with
» electrical conductivity g;

» electric permittivity e




EIT — Potential applications

In many applications, there is a large resistivity (1/q) contrast
between a wide range of materials (e.g., up to about 200:1 for tissue
types in the body; Geddes and Baker, 1967).

= used for imaging structure within .

» Geophysics: Porosity of core samples, map groundwater in
borehole-to-borehole experiments, ...

» Medical imaging: Pulmonary measurements (functionality,
detection of emboli), breast cancer detection, blood flow,...

» Non-destructive testing: Crack identification, void detection...

» References: [Ammari et al], [Borcea, Guevara Vasquez],
[Calderon],[Cheney, Isaacson, Newell], [Druskin et al.],
[Hansen,Knudsen], [Kaipio et al.], [Kohn, Vogelius], [Lionheart],
[Nachman], [Somersalo et al.], [Sylvester, Uhimann]...
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EIT — Mathematical model

The model comes in two flavors:
» Continuum model. f supposed to be known on all of %.

» Electrode model. Current (or voltage) through electrodes
distributed along x.

In practice, boundary currents f(x) are not known for all x € ¥.
» Currents sent along wires attached to N electrodes.

courtesy: EIT group, Oxford Brookes Univ.
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Fluorescence Optical Tomography (FOT)

1. Diffusion of photons at e(x)citation wavelength A, from sources
at the boundary into the body.

2. Absorption at A\, by fluorophores and re-e(m)ission at
wavelength A, .

3. Diffusion of re-emitted photons through the body.
4. Measurement of light intensities leaving the body.

5. Find c, the concentration of fluorophores in Q.




Inverse problems

FOT — Potential applications

» FOT uses fluorescent dyes to overcome the low contrast in
optical parameters, that result in low signal-to-noise ratios.

» Medical imaging.

» Low-cost alternative or complement to existing imaging
technology such as EIT.

» References: [Arridge], [Chance et al.], [Dorn et al.], [Egger et
al.], [Roy et al], [Schweiger et al.] ...
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Piecewise constant model

» We are interested in sharp interface models and
reconstructions [Chan et al.], [Dorn et al.], [Eckel, Kress]....
» Piecewise constant conductivity

Nq
a(x¥) = Gixe,(%)
i=0
» Unknowns: g; and interface I := Uf; [, [:=0%;.

ey o

Q.q
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EIT — Output-least-squares formulation

Given f,(x) € H~1/2(Q) and associated measurements my € L2(X)

. 1Y
minimize  J(q) = 5 > _ luk(@) = millfz(s) + @R(q)
k=1

subjectto div(gVuk) = 0 in H(Q),
Qopuxy = fr onx,
uy = 0, k=1,....M.
)N

Regularization: Total variation (TV)

Nq
R(q) = /Q D = 3" [go — qi[Per(,).
i=1
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EIT — Output-least-squares formulation

Given f,(x) € H~'/2(Q) and associated measurements my € L2(X)

minimize Z luk(q) — Mi|Ze sy + @ R(q)
subject to d|v(unk) = 0 inHY(Q),
Qopux = fr onx,
/uk = 0, k=1,.... M.
X

Shape optimization perspective

j({QlaQI i— 0 (Z q/XQ )
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Numerical results

FOT — Output-least-squares formulation

Given fi(x) € (H'(Q))’ and associated measurements my € L?(X)

M
minimize =3 Z | om0 Prm i ( mk||f2(z) + aR(c)
k=1
subject to div(kx(C)Vox k) + ux(C)oxk = fx
Hx(c)an¢x,k + px¢x,k =0
div(f‘;m(c)vam,k) + /im(C)d)m,k = V(C)d)x,k
K/m(c)anqsm,k + pm(bm,k =0

Regularization: Total variation (TV)

Ne
= [ 1De| =l - aulPer(s)
Q@ i=1

in H'Y(Q)’,
onx,
in H'(Q)’,
ony,
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FOT — Output-least-squares formulation

Given fi(x) € (H'(Q))’ and associated measurements my € L3(X)

minimize  J(c) = 5 Z pmbm k(€)= Mi| T2y + @R(C)
subjectto V- (kx(cC )V¢xk) +ux(C)uk = in H(Q),
( )an(bx,k + px¢x,k =0 on Z,
V. (Hm(C)VaSm,k) + um(C)dmk = ~(C)pxk in H'(Q),
Km(C)Ondmk + pmbmk = 0 onx,

Shape optimization perspective

M
({Ql’ C/}/ 0) - Z |pm¢m k mk”iZ(z) + CYR(C)
k=1

N \
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Algorithmic approach

1. Initialize the sub-regions Q; using the
topological derivative.

2. Update the interface I for fixed g; using the
shape derivative and a steepest descent flow within a level
set framework.

3. Update the conductivities g; for fixed I'.
4. Then alternate step 2 and 3.



v
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v
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Piecewise constant model

Step1: Topological derivative

Problem of initialization: Use topological sensitivity.

Existing works: [Nazarov et al.], [Eschenauer, Schumacher],
[Sokolowski, Zochowski], [Masmoudi et al.], [Amstutz], [Ammari
et al.], [Bendsge, Sigmund], [Novotny et al.], ...

Topological derivative of 7 at x € Q:

7@\ B(xie)) - (@)
T = 1B0x;2)]

A small inclusion B(x; €) may be created where 7(x) <0

= J(Q\ B(x;¢)) < J(Q)
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Topological derivative




Piecewise constant model

Topological derivative

,Xl
B
. o
4,
X2
AL = 0inQ, —div(g°Vus) = 0inQ,
qoul®° = font. Gopu° = f onX.

7(9) = /z (W0 — m)? 7(@) = /z (F — m)?
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Asymptotic analysis
We perform an asymptotic expansion of the type

Zaf vi(x) + Wi "x)).
» v; are functions of regular type, living in Q.
» W, are boundary layers, living in R® \ @.
Then replace u© in J(Q°):

7(@) = /z (F — m)2 = 7(Q) + B To(x) +
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Topological sensitivity

v

First-order expansion ( ny = 1, Q° := Q\ B°(x))

J (%) = T (Q) + |B[To(x) +10.(x), € =0,

v

The leading term is

To(x) = aVul(x) - Vp(x)

N—1

v

a=(9-a1)/(@+g1/(N—1)), and p denotes the adjoint state

—Ap=0inQ,
Opp =2(Uu—m)onX.

v

ro.«(x) = o(|B¢]) is the remainder.
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Topological sensitivity

v

Second-order expansion ( ng = 1, Q° := Q\ B(x;¢))

J(Q°) = T(Q) + |B*|To(x) + 2NTi(x) + 1 o(x), € = 0,

v

The leading term is

To(x) = aVuo(x) - Vp(x)

N—1

v

a=(9—-a1)/(q+q1/(N—1)), and p denotes the adjoint state

—Ap=0in£Q,
Onp=2(u—m)on X.

v

1 (x) is the remainder.
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Higher-order expansion

T () = T(+IB|To(x)+e*VT1 (x)+2|B°| Ta(X) +12.2(X), € = O,

To(x) To(x), Ta(x) To(x), Ta(x), T2(x)

e

To(x) <0onX. Higher-order terms provide a better result.
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Higher-order expansion

For one trial inclusion (ng = 1)

T(Q°) = T(Q) + B[ To(x) + 2T (x) + £2|B°| Tz (x) + O(N+2),

with
N 0
To(x) = ,\Maw (x) - Vp(x),
Ti(x) = 71 Zau x) oju(x Im()
To(x) = ND2u°(x)-D2p(x),
where

70 () :/ (€= X)il€ = X); e

1] |£ _ X|2N
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Piecewise constant model

Step 2: Shape optimization

» General concept: Smooth boundary transformation.
» [Murat, Simon], [Sokolowski, Zolesio], [Delfour, Zolesio] ...
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moving domain Q;

Perturbation field: V
Moving domain: Q; = T;(V)(2)
Shape functional: J(£2;)

Shape derivative:

aJ(Q, V) = }m w

Numerical results
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Step 2: Shape optimization

Consider the domains for ng inclusions
Q =0\ (UQ) with QNQ =2 for i#j,

The shape functional and shape derivative are (M = 1)
Ng
TR = [[1u4R3) = mP + 53 |- qlPer(r),
i=1

472 V) =Y. [ @~ @) Vp-Tu+ sl altva
i=1 i
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Step 3: Conductivity optimization

We set
1M
= 5 2_llu(@) = milZz) + aR(q).
i=1
with M = 1. Consider perturbations of the conductivity
g = qi +nq;,

which leads to the derivative

dJ({a} 2 q) = G <|CI, —_BPer(T / vu- Vp)



Inverse problems Piecewise constant model Numerical results

Level set methods

Choose a function ¢(t, x) such that

Qt = {X c Qt | ¢(t, X) < O}
Qf = {xeQ:]o(tx)>0}
0 = {X € Q | ¢(t, X) = 0}

For instance, ¢ can be chosen as the signed distance function
to 0Q;

09 00 o

| B R



Piecewise constant model

Evolution of the level set function

Consider a point x(t) on the moving boundary T';, we have
o(t, x(t)) = 0. Differentiating w.r.t. f we get

ot x) + V(t,x) - Vo(t, x) = 0.

Since V(t, x) = |[Vo(t, x)|n(t, x)
we get the Hamilton-Jacobi equation :

¢t(t7 X) + v,,(t,X)|qu(t, X)| = 07

with ¢; time derivative of ¢ and ¢(0, x) a given data.
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Electrical Impedance Tomography

Reconstructions for 1% noise

ol
0 01 0z 03 04 05 06 07 03 09 1

1. original phantom
2. reconstruction
3. topological derivative

green=initial  blue=current  red=true

Numerical results
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Electrical Impedance Tomography
Reconstructions for 3% (left) and 5% (right) noise.

green=initial  blue=current  red=true green=initial  blue=current  red=true

1. original phantom
2. reconstruction
3. topological derivative
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Fluorescence Optical Tomography

1. original phantom (5% noise in the data)
2. reconstruction using topological derivative and exact ¢4
3. reconstruction using single step algorithm [Egger et al.]
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Fluorescence Optical Tomography

1. original phantom (5% noise in the data)
2. reconstruction using topological derivative and exact ¢4
3. reconstruction using single step algorithm [Egger et al.]
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Fluorescence Optical Tomography

1. original phantom (5% noise in the data)
2. reconstruction using topological derivative and exact ¢4
3. reconstruction using single step algorithm [Egger et al.]



Fluorescence Optical Tomography

s e

. original phantom (left column)
. reconstructed inclusion with trial values ¢y = 0 and

*

¢y =5.1073,1.1072,5.102 (first row),

. reconstructed inclusion with trial values

Numerical results

¢y =3.1075,7.10%,1.10 % and ¢; = 1.10~2 (second row)
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Fluorescence Optical Tomography

I ‘ . I .

1. original coefficients &y, fix, &m, fim-

2. purposely erroneous coefficients xy, x, km, pm used to
compute the topological derivative.

3. corresponding reconstructions (third row)
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Fluorescence Optical Tomography

True concentation disibuton
1s
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Figure : original phantom (left), topological derivative (right)




Numerical results

Inverse Potential Problem - Gravimetry

Reconstruct an unknown measure with support in a
domain 2 from a single measurement of its potential on
the boundary 09.

Application to gravimetry: determine Earth’s density
distribution from the measurement of the gravity and its
derivatives on the surface of the Earth.

lll-posed problem. A priori assumptions on the class of
measures to be reconstructed can be made.

Joint work with A. Canelas and A.A. Novotny.
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Inverse Potential Problem - Mathematical model

Q c R? open and bounded, with Lipschitz boundary 9Q and
v = (70,71) € R? is given.

PC,(Q2) := {b =0xaw +71Xw € L(Q) | w C 2 measurable}
Given g* € H=/2(0Q) and u* € H'/2(0Q), find

b* = voxa\w+ +Y1Xwr € PC,(Q),

such that
-Au = b* in Q,
u = u*
o = q*} on 09.

has a solution u € H'(Q).
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Inverse Potential Problem

Theorem (lsakov)

Assume b; = yoxo\w;, + V1 Xw;» | = 1,2 where v = (0,71) is
given, and wy,w» are two star-shaped domains with respect to
their barycenters. If the corresponding boundary data are
equal, then wq = wo.

We consider a broader class of admissible sets w C PC,(Q):

w=Jw with wnw=0 for i#j.

ieT

with w; measurable and simply connected.
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Inverse Potential Problem

Kohn-Vogelius functional

min _ J(b) := ;/ﬂ (uD[b]—uN[b])2 ,

bePC,(Q)

where uP[b] and u"[b] solve (with c[b] = & (f509" — Jo b))

~AuPlb] = b in Q,
uPlp) = v+ on 0Q,
~AuNb] = b+4clb] in Q,
—0uN[b] = g on 0Q,

Lot = [ uiel.
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Inverse Potential Problem
Define Wex = U,EIB(E,',?,') and

be x = YOXQ\we g T V1 Z XB(e; %) -
ieT
We have the following expansion
T(Q\weg) = T(Q) + Y h(e)DrT(X) + Y folei ) D3I (X1, %) ,
ieT i,jeT

where fi(¢)) = 7¢2, h(ej,gj) = sm2e?e 12

DV (%) = /Q (uPho] — Mok . DBI(%,%) /hh
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Inverse Potential Problem

Introduce the adjoint states

—ApP = —(uPlyo] - uV[y]) In Q,
P =0 on 09,
and
—apN = P[] - Vo] in Q,
—oppN = 0 on 90,
N = o0,
Q

From Green’s formula we get

DYI (%) = (1 —70) (PP(R) + PV (%))



v

v

v

v

v

Inverse Potential Problem

Define g; := 7r£ e,
For fixed X minimize Jy(a) = J(be x)-

To find a we differentiate the topological expansion to
obtain the first order optimality conditions:

» DFJ(Xi,X)aj=-DrJ(X) for ieT,

JjET

Define e(X) := y/a/

Minimize J( e (R), x) with respect to X.

Numerical results

(1)
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Inverse Potential Problem

(a) (b) (©)

Figure : Looking for two anomalies: true source term (a) and
reconstructions using two (b) and three trial balls (c).
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Inverse Potential Problem

() (o) (©

Figure : Looking for three anomalies: true source term (a) and
reconstructions using three (b) and four trial balls (c).
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Inverse Potential Problem

(@) (b)

Figure : Three anomalies: true source term (a) and reconstruction
using three balls (b).

(@) (b)

Figure : Two anomalies: true source term (a) and reconstruction
using three balls (b).



Numerical results

THANK YOU!
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